Let X be a d-dimensional simplicial complex with N faces of dimension d − 1. Suppose that every (d − 1)-face of X is contained in at least k d + 2 faces of X, of dimension d. Extending the classical Moore bound for graphs, it is shown that X must contain a ball B of radius at most log k−d N whose d-dimensional homology H d (B) is non-zero. The Ramanujan complexes constructed by Lubotzky, Samuels and Vishne are used to show that this upper bound on the radius of B cannot be improved by more than a multiplicative constant factor.
Introduction
Let G = (V, E) be a graph on n vertices, and let δ(G) denote the minimal degree of a vertex in G. The girth g(G) = g is the minimal length of a cycle in G. An easy counting argument (see, for example, [2, Theorem IV.1]) shows that if δ(G) = k 3, then
(1.1)
This implies the classical Moore bound. The best lower bound for the girth of k-regular graphs is given by the Ramanujan graphs of Lubotzky, Phillips and Sarnak [6] . For a fixed prime p, the construction given in [6] provides a sequence of (p + 1)-regular graphs
Theorem B 1 . For every prime power q, there exists a sequence of (q + 1)-regular graphs
In this paper we extend Theorems A 1 and B 1 to higher-dimensional simplicial complexes. Let X be a d-dimensional simplicial complex on the vertex set V . Let H i (X) denote the idimensional homology group of X with some fixed field coefficients. For 0 i d let X(i) = {σ ∈ X : dim σ = i}, and let
. Denote by B r (v) the ball of radius r around v with respect to the graph metric on the one-dimensional skeleton of X. Extending the notion of acyclicity radius to the higher-dimensional setting, we define r v (X) as the maximal r such that H d (X[B r (v)]) = 0, and r(X) = min v∈V r v (X). The following result extends Theorem A 1 to d-dimensional complexes.
For the lower bound, we use the Ramanujan complexes presented by Lubotzky, Samuels and Vishne in [8] 
The upper bound

Proof of Theorem
Let v be a vertex which is contained in a (d − 1)-simplex. Abbreviate B t = B t (v) and write
and
Let m = r v (X). Combining (2.1) and (2.2), we find that, for all t < m,
kα(t) dβ(t) + β(t + 1) dα(t) + α(t + 1).
Hence
Since v is contained in a (d − 1)-face, it follows that α(1) kd + 1. Thus
The lower bound
The proof of Theorem B d depends on certain finite quotients of affine buildings constructed by Lubotzky, Samuels and Vishne [8] , based on the Cartwright-Steger group [4] (see also [11] for a similar construction, as well as [3, 5, 7] for related results). In Section 3.1 we recall the definition and some properties of affine buildings of typeÃ d−1 . In Section 3.2 we describe the relevant finite quotients, and show that they have a large acyclicity radius.
Affine buildings of TypeÃ d−1
Let F be a local field with a valuation ν : F → Z and a uniformizer π. Let O denote the ring of integers of F , and let O/πO = F q be the residue field. A lattice L in the vector space 
It is well known that B is a contractible (d − 1)-dimensional simplicial complex, and that the link of each vertex is isomorphic to the order complex A d−1 (F q ) of all non-trivial proper linear subspaces of F d q (see, for example, [10, 7] ). This implies that δ(B) = q + 1. The type function
Proof. This follows directly from inclusion (3.1). Alternatively, let v 1 , . . . , v d be a basis of V , and let a 1 , . . . , a d be integers such that
Now (3.2) follows from (3.3) and (3.4).
Finite quotients of affine buildings
Let q be a prime power, and let F be the local field F q ((y)) with local ring
]. The construction of finite quotients of B = B d (F ) in [8] depends on the remarkable CartwrightSteger group Γ < PGL d (F ) (see [4] ). We briefly recall the construction of Γ and some of its properties.
Let φ : 
Utilizing the isomorphism (3.5), we also regard Γ as a subgroup of PGL d (F ). We shall use the following properties of Γ.
Theorem 3.2 (Cartwright and Steger [4]). (a) Γ acts simply transitively on the vertices of
The action of D upon itself by conjugation gives rise to a representation
It follows that, with respect to the above basis, ρ(b u ) is a d 2 × d 2 matrix whose entries are linear polynomials in 1/y over F q . Let h(λ) ∈ F q [λ] be an irreducible polynomial which is prime to λ(1 + λ), and let
This subgroup coincides with the congruence subgroup Γ(I) as defined in [8, 
Let L be a lattice, and let
Clearly, I is independent of L since Γ is transitive and Γ(I) Γ.
Proposition 3.3. We have
.
The c ij are polynomials in F q [1/y] of degree at most t in 1/y. By assumption, g ∈ Γ(I), and hence
If it is a scalar matrix then it must be the identity, as Γ, being a lattice in PGL d (F ), has trivial center. Thus we can assume that C is diagonal and non-scalar. Choose i, j such that c ii = c jj ;
. 
Proof of Theorem
We complete the proof by noting that if i is sufficiently large, then Ii 4, and hence X i is (d − 1)-dimensional and δ(X i ) = δ(B) = q + 1.
Concluding remarks
We have proved a higher-dimensional extension of the Moore bound, and have shown that the Ramanujan complexes constructed in [8] imply that this bound is tight up to a multiplicative factor. We mention some problems that arise from these results.
( (1) . It would be interesting to obtain a similar result in the higher-dimensional setting.
